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THE CHERN-RICCI FLOW ON OELJEKLAUS-TOMA MANIFOLDS
TAO ZHENG
Abstract. We study the Chern-Ricci flow, an evolution equation of Hermitian met-
rics, on a family of Oeljeklaus-Toma (OT-) manifolds which are non-Ka¨hler compact
complex manifolds with negative Kodaira dimension. We prove that, after an initial
conformal change, the flow converges, in the Gromov-Hausdorff sense, to a torus with a
flat Riemannian metric determined by the OT-manifolds themselves.
1. Introduction
The Chern-Ricci flow is an evolution equation for Hermitian metrics by their Chern-Ricci
forms on complex manifolds, which coincides exactly with the Ka¨hler-Ricci flow when the
initial metric is Ka¨hlerian. It was introduced by Gill [8] in the setting of complex manifolds
with vanishing first Bott-Chern class. Tosatti and Weinkove [30, 31] investigated the flow
on more general complex manifolds and proposed a program to study its behavior on all
compact surfaces. The results in [30, 31, 32, 10, 11, 15, 23] are closely similar to those
for the Ka¨hler-Ricci flow, and provide affirmative evidence that the Chern-Ricci flow
is a natural geometric flow on complex surfaces whose properties reflect the underlying
geometry of these manifolds.
Class VII surfaces are by definition non-Ka¨hler compact complex surfaces with negative
Kodaira dimension and first Betti number one. This class of surfaces are of especial inter-
est because there exists a well-known problem to complete their classification. Naturally,
we will try to understand the properties of the Chern-Ricci flow on these surfaces, with
the long-term aim of obtaining more topological or complex-geometric properties (cf. [28],
where a different flow is considered). In this direction, in [5], the authors consider a fam-
ily of Class VII surfaces, known as Inoue surfaces (see [12]), and proved that, for a large
class of Hermitian metrics, the Chern-Ricci flow always collapses the Inoue surface to a
circle at infinite time, in the Gromov-Hausdorff sense. Also, the authors [5] posed some
conjectures and open problems concerned by the Chern-Ricci flow.
In this paper, we will concentrate on part of Problem 3 proposed in [5], that is, we will
study the behavior of the Chern-Ricci flow on a family of well-understood Oeljeklaus-
Toma (OT-) manifolds, analogous to the Inoue-Bombieri surfaces SM (see [12]) in high
dimensions. OT-manifolds, first constructed by Oeljeklaus and Toma [16] from the view
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of algebraic number theory, are non-Ka¨hler compact complex solvmanifolds with negative
Kodaira dimension and without Vaisman metrics (see [16, Proposition 2.5] and [13, Section
6]). Battisti and Oeljeklaus [1, Theorem 3.5] states that OT-manifolds admit no analytic
hypersufaces and algebraic dimension is zero. Verbitsky [34, 35] also proved that OT-
manifolds carry no closed 1-dimensional analytic subspaces and that OT-manifolds can
not contain any nontrivial compact complex 2-dimensional submanifolds except the Inoue
surfaces. More recent progresses and open problems about OT-manifolds can be found in
[18] and references therein.
We investigate a class of complex m-dimensional OT-manifolds denoted by MK with
universal cover Hm−1×C and quotient covering map is denoted by π : Hm−1×C −→ MK
(see Section 2), where H is the upper half plane. This class of OT-manifolds have locally
conformally Ka¨hler metric structure and admit no non-trivial complex subvariety (see
[16, 17] and [18, Theorem 4.5]). In particular, the OT-manifolds with universal cover
H2×C give counterexamples to a conjecture of Vaisman [4, Page 8] (see also [18, Section
4.2]). Denote the standard coordinates on Hm−1 × C by (z1, · · · , zm). On OT-manifolds
MK a constant multiple of the product of standard Poincare´ metric α =
√−1
m−1∑
i=1
dzi∧dzi
4(Imzi)2
on Hm−1 descends to a closed semipositive real (1, 1) form on MK denoted by ω∞ (also
denoted by α itself) with
0 ≤ ω∞ ∈ −cBC1 (MK),
where cBC1 (MK) is the first Bott-Chern class of MK . The (1, 1) form ω∞ will play a key
role in our results.
We consider the normalized Chern-Ricci flow
(1.1)
∂
∂t
ω = −Ric(ω)− ω, ω|t=0 = ω0
on MK , with an initial Hermitian metric ω0. Here Ric(ω) is the Chern-Ricci form of the
Hermitian metric ω =
√−1gijdzi ∧ dzj defined by
Ric(ω) = −√−1∂∂ log detg.
Since the canonical bundle of MK is nef, the results of [30, 31, 32] imply that there exists
a unique solution to (1.1) for all time. We are concerned the behavior of the normalized
Chern-Ricci flow as t −→∞.
Theorem 1.1. Let MK be an OT-manifold and ω be any Hermitian metric on MK .
Then there exists a Hermitian metric ωLF = e
σω in the conformal class of ω such that the
following holds.
Let ω(t) be the solution of the normalized Chern-Ricci flow (1.1) with the initial Hermitian
metric of the form
ω0 = ωLF +
√−1∂∂ρ > 0.
Then as t −→ ∞,
ω(t) −→ ω∞
uniformly on MK and exponentially fast, where ω∞ is the (1, 1) form defined above. Fur-
thermore,
(MK , ω(t)) −→ (Tm−1, g)
2
in the Gromov-Haudorff sense, where g defined in (2.8) is the flat Riemannian metric on
torus Tm−1 determined by the OT-manifold MK .
Therefore, we prove that the (normalized) Chern-Ricci flow collapses a Hermitian metric
ω on the OT-manifold MK to a torus, modulo an initial conformal change to ω. Indeed,
we prove more than this, since our initial Hermitian metric can be any one in the ∂∂-class
of eσω. Note that this collapsing to Tm−1 is in stark contrast with the properties of the
Ka¨hler-Ricci flow which always collapses to even-dimensional manifolds (cf.[6, 9, 24, 25,
26, 27, 33]).
Our conformal change is relative to a holomorphic foliation structure without singularity
F defined by ω∞ on the OT-manifold MK . Now we give an outline of the explanation
of this holomorphic foliation structure (more details can be found in Section 2). Note
that F can be induced by the holomorphic foliation F˜ generated by ∂zm on the universal
covering manifold Hm−1 × C and every leaf of F˜ is of form {z′} × C, where z′ ∈ Hm−1.
Motivated by [5], we give some definitions and deduce a useful proposition as follows.
Definition 1.1. A Hermitian metric ω on MK is called flat along the leaves if the restric-
tion of π∗ω to every leaf of F˜ is a flat Ka¨hler metric on C, and called strongly flat along
the leaves if this restriction of π∗ω to every leaf of F˜ equals to
c((Imz1) · · · (Imzm−1))
√−1dzm ∧ dzm,
where c > 0 is a constant independent of the leaf.
The Hermitian metric ωLF we need in the statement of Theorem 1.1 is exactly strongly flat
along the leaves. The following proposition shows that the assumption of being strongly
flat along the leaves is not in fact restrictive because it can always be obtained from any
Hermitian metric ω by a conformal change (see also Lemma 2.2).
Proposition 1.2. For any Hermitian metric ω on the OT-manifold MK , there exists a
smooth function σ ∈ C∞(MK , R) such that ωLF := eσω is strongly flat along the leaves.
We remark that in the case of Inoue surfaces SM , Definition 1.1 and Proposition 1.2
specialize to the corresponding ones in [5].
Another interesting question is whether we can get the smooth (C∞) convergence of ω(t)
to ω∞ instead of the uniform (C
0) convergence in Theorem 1.1. In this direction, if the
initial Hermitian metric is of a more restricted type, then we can get Cα convergence
for 0 < α < 1. More precisely, Oeljeklaus and Toma [16] and Ornea and Verbitsky [17]
constructed an explicit Hermitian metric ωOT defined in (2.2) on OT-manifoldMK exactly
we consider, which is strongly flat along the leaves. For the initial Hermitian metrics in
the ∂∂-class of ωOT and 0 < α < 1, we prove the C
α convergence as follows.
Theorem 1.3. Let ω(t) be the solution of the normalized Chern-Ricci flow (1.1) on an
OT-manifold MK with an initial Hermitian metric of the form
ω0 = ωOT +
√−1∂∂ρ > 0.
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Then the solution metric ω(t) are uniformly bounded in the C1 topology and for any
0 < α < 1, there holds
ω(t) −→ ω∞, as t −→∞
in the Cα topology.
We note that while the strategy of the proofs is the same as in [5], new difficulties arise
due to the fact that these manifolds have dimension greater than 2. This is the first
general result where collapsing of the Chern-Ricci flow in dimensions greater than 2 is
established for a large class of manifolds and initial metrics.
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2. Oeljeklaus-Toma manifolds
Let Q be the field consisting of rational numbers and K be a finite extension field of Q
with degree [K : Q] = n. Then the field K admits precisely n = s+2t distinct embeddings
σ1, · · · , σn into the field C consisting of complex numbers, where σ1, · · · , σs are real em-
beddings and σs+1, · · · , σn are complex embeddings. Without loss of generation, assume
that σs+i = σs+t+i for 1 ≤ i ≤ t because the complex embeddings of K into C occur in
pairs of complex conjugate embeddings. Also assume that both s and t are positive. Let
σ : K −→ Cm, σ(a) := (σ1(a), · · · , σs+t(a))
be the geometric representation of K.
Let OK be the ring of algebraic integers of K and O
∗
K be the multiplicative group of units
of OK , that is,
O∗K := {a ∈ OK : σ1(a) · · ·σs(a)|σs+1(a)|2 · · · |σs+t(a)|2 = ±1}
and also let
O∗,+K := {a ∈ O∗K : σ1(a) > 0, · · · , σs(a) > 0}.
It is well-known that the image σ(OK) is a lattice of rank n in C
m, where m := s + t
(see for example [2, Theorem 1 in Section 3 of Chapter 2]). Therefore, we get a properly
discontinuous action of OK on C
m by translations.
Consider the multiplicative action of OK on C
m given by
az := (σ1(a)z1, · · · , σm(a)zm).
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Denote by H the upper complex half-plane, that is, H = {z ∈ C : Imz > 0}. Since for
a ∈ OK , aσ(OK) ⊂ σ(OK), combining the additive action of OK and the multiplicative
action of O∗,+K , Oeljeklaus and Toma [16] (see also [19]) obtained a free action of O
∗,+
K ⋉OK
on Hs × Ct. Now consider the logarithmic representation of units
L : O∗,+K −→ Rm,
L(a) := (log σ1(a), · · · , log σs(a), 2 log |σs+1(a)|, · · · , 2 log |σs+t(a)|).(2.1)
It follows from the Dirichlet’s Units Theorem (see for example [2]) that L(O∗,+K ) is a full
lattice in the subspace H of Rm, where
H :=
{
x ∈ Rm :
m∑
i=1
xi = 0
}
.
For t > 0, the projection Pr : H −→ Rs given by the first s coordinate functions is
surjective. So there exists subgroups G of rank s of O∗,+K such that Pr ◦ L(G) is a full
lattice Λ in Rs. Such a subgroup is called admissible for the field K by Oeljeklaus and
Toma [16].
Take G admissible for K. The quotient manifold (Hs × Ct)/σ(OK) is diffeomorphic to a
trivial torus bundle (R+)
s × (S1)n and G acts properly discontinuously on it because it
induces a properly discontinuous action on (R+)
s. Therefore, we get an m-dimensional
compact complex manifold
MK,G := (H
s × Ct)/(G⋉ OK)
which is a fiber bundle over Ts := S1 × · · · × S1︸ ︷︷ ︸
s−times
with Tn := S1 × · · · × S1︸ ︷︷ ︸
n−times
as fiber. Such a
manifold is called Oeljeklaus-Toma (OT-) manifold.
For s = t = 1, G = O∗,+K , MK,G is an Inoue-Bombieri surface SM (see [12]).
In this paper, we will consider the OT-manifold in the case of s > 0, t = 1 (to prove similar
results in the case when t > 1, it seems that new ideas will be required (see [18, 36])),
that is, MK := MK,G = (H
m−1 × C)/Γ, where Γ := (G ⋉ OK) and denote the quotient
covering map by π : Hm−1 × C −→MK and the fiber projection by p : MK −→ Tm−1.
Let
zi = xi +
√−1yi, i = 1, · · ·m,
where z1, · · · , zm−1 be the standard coordinates of Hm−1 and zm be the standard coordi-
nate of C. Then we have some Γ-invariant forms on Hm−1 × C which can be induced on
MK and denoted by the same symbols as follows (see [16, 17]).
α :=
√−1
m−1∑
i=1
dzi ∧ dzi
4y2i
, β :=
√−1(y1 · · · ym−1)dzm ∧ dzm, γ :=
√−1
m−1∑
k,ℓ=1
dzk ∧ dzℓ
4ykyℓ
.
In addition, α is d-closed and also denoted by ω∞ when it descends to MK in Section 1.
Therefore, we can construct a Hermitian metric ωOT by
(2.2) ωOT = α + β + γ
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with Ricci form
Ric(ωOT) = −α ∈ cBC1 (MK).
If we define a function ψ(z) = (y1 · · · ym−1)−1 on Hm−1 × C, then ωOT was defined in
[16, 17] to be √−1∂∂(ψ(z) + |zm|2)
ψ(z)
and a simple calculation shows that this equals to α+β+γ. In the case of Inoue-Bombieri
surfaces, ωT = 4α + β is called the Tricerri metric [29].
Now we give more details about the holomorphic foliation F mentioned in Section 1. We
begin with the holomorphic foliation F˜ without singularity on Hm−1 × C generated by
vector field ∂zm . The foliation F˜ is Γ-invariant and is also the kernel of the Γ-invariant
form α. Therefore, it induces a holomorphic foliation F without singularity on MK with
the kernel α = ω∞ (see [17]). A leaf of the foliation F˜ including the point (t1, · · · , tm) ∈
Hm−1 × C is given as
L˜t1,··· ,tm−1 := {(z′, zm) ∈ Hm−1 × C : z′ = (t1, · · · , tm−1) ∈ Hm−1}.
Since the isotropy group of the leaf denoted by
G
L˜t1,··· ,tm−1
:= {g ∈ Γ : gL˜t1,··· ,tm−1 = L˜t1,··· ,tm−1}.
is trivial, we get a leaf L of F via the natural immersion of L˜t1,··· ,tm−1/GL˜t1,··· ,tm−1 diffeo-
morphic to L˜t1,··· ,tm−1 into MK . All the leaves of F can be obtained in this way (see [14]).
For the closure Z of a leaf L = π(L˜t1,··· ,tm−1) of F , Ornea and Verbitsky [17, Proposition
3.2] proved that
π−1(Z) ⊇ Zα1,··· ,αm−1 := {(z1, · · · , zm) ∈ Hm−1 × C : αi = Imzi, 1 ≤ i ≤ m− 1},
where αi = Imti, 1 ≤ i ≤ m−1 and Zα1,··· ,αm−1 is the closure ofOK(L˜t1,··· ,tm−1). Therefore,
we can deduce
Lemma 2.1. For any point a ∈ MK , the leaf La of the foliation F through this point is
dense in the Tm+1-fiber of the point p(a) ∈ Tm−1, that is, for any point t = (t1, · · · , tm) ∈
Hm−1 × C, π(L˜t1,··· ,tm−1) is dense in the Tm+1-fiber of the point p ◦ π(t) ∈ Tm−1.
The following lemma shows that every Hermitian metric ω on MK is conformal to a
Hermitian one which is strongly flat along the leaves.
Lemma 2.2. A Hermitian metric ωLF on m-dimensional MK is flat along the leaves if
and only if
(2.3) αm−1 ∧ ωLF = (p∗η)αm−1 ∧ β,
where η : Tm−1 = S1 × · · · × S1︸ ︷︷ ︸
(m−1)−times
−→ R is a smooth positive function. And it is strongly
flat along the leaves if and only if
(2.4) αm−1 ∧ ωLF = cαm−1 ∧ β,
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where c > 0 is a constant independent of leaf. For any Hermitian metric ω on MK, define
σ ∈ C∞(MK , R) by
eσ =
αm−1 ∧ β
αm−1 ∧ ω .
Then ωLF = e
σω satisfies (2.4) with c = 1 and hence is strongly flat along the leaves.
Proof. Write the pullback of the Hermitian metric ωLF as
π∗ωLF =
m∑
i,j=1
gijdzi ∧ dzj
and we have
(2.5)
αm−1 ∧ π∗ωLF
αm−1 ∧ β =
gmm
y1 · · · ym−1 .
So (2.3) is equivalent to
gmm
y1 · · · ym−1 = π
∗p∗η.
Notice that the function π∗p∗η depends only on (y1, · · · , ym−1). Since the restriction of
π∗ωLF to a leaf {z′} × C equals to
√−1gmmdzm ∧ dzm, and its Ricci curvature equals
−∂m∂m log gmm, we can deduce that if (2.3) holds then ωLF is flat along the leaves.
Conversely, if ωLF is flat along the leaves, then for each fixed z
′ ∈ Hm−1 we have that
∂m∂m log
gmm
y1 · · · ym−1 = ∂m∂m log gmm = 0.
Thanks to (2.5) we get that the function log gmm
y1···ym−1
on Hm−1 × C is Γ-invariant, hence
bounded (because it is the pullback of a function from MK). Therefore, log
gmm
y1···ym−1
for
(z1, · · · , zm−1) ∈ Hm−1 fixed is a bounded harmonic function on C, and so it must be
constant. In other words, the ratio α
m−1∧ωLF
αm−1∧β
is constant along each leaf of F . Since
every leaf is dense in the Tm+1 fiber which contain it, we obtain that α
m−1∧ωLF
αm−1∧β
equals the
pullback of a function from Tm−1.
On the other hand, it is now clear that ω is strongly flat along the leaves if and only if
(2.4) holds, or equivalently,
gmm
y1 · · · ym−1 = c,
where c > 0 is a constant. The last assertion of the lemma is immediate. 
To end this section, we give some details about the Riemannian metric on Tm−1 induced
from α. On Hm−1, α corresponds to the Riemannian metric
m−1∑
i=1
dxi ⊗ dxi + dyi ⊗ dyi
2y2i
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which is restricted on (R+)
m−1
(2.6)
m−1∑
i=1
dyi ⊗ dyi
2y2i
.
Under the local coordinate
f : (R+)
m−1 −→ Rm−1, (y1, · · · , ym−1) 7−→ (log y1, · · · , log ym−1),
the metric (2.6) can be expressed as
(2.7)
1
2
m−1∑
i=1
dxi ⊗ dxi.
Now let a1, · · · , am−1 be the generators of the admissible group G. Then under the
logarithmic representation (2.1),
(log σ1(ai), · · · , log σm−1(ai)) =: (vi1, · · · , vi,m−1), i = 1, · · · , m− 1
is the basis of the full lattice Λ in Rm−1 and Tm−1 = Rm−1/Λ, where Rm−1 is equipped
with the metric (2.7). So the metric on Tm−1 is
(2.8)
1
2
m−1∑
k,ℓ=1
(
m−1∑
i=1
vkivℓi
)
dxk ⊗ dxℓ,
and the radius of the k-th (k = 1, · · · , m− 1) factor S1 of Tm−1 is
1
2
√
2π
(
m−1∑
i=1
vkivki
)1/2
.
Obviously, the metric on Tm−1 depends on the lattice Λ. In fact, the metrics gΛ and gΛ′
defined on Tm−1 are isometric if and only if there exists an isometry of Rm−1 which sends
the lattice Λ on the lattice Λ′ (see [7, Theorem 2.23]).
3. the Chern-Ricci flow on OT-manifolds
We will write the normalized Chern-Ricci flow as a parabolic complex Monge-Ampe`re
equation. Let ωLF =
√−1∑mi,j=1(gLF)ijdzi∧dzj be the Hermitian metric which is strongly
flat along the leaves, as in the setup of Theorem 1.1. First, we define
(3.1) ω˜ = ω˜(t) = e−tωLF + (1− e−t)α > 0,
and denote by g˜ the Hermitian metric associated to ω˜. We define a volume form Ω by
(3.2) Ω = mαm−1 ∧ ωLF = mcαm−1 ∧ β,
with the constant c defined by (2.4). Direct calculation using (3.2) implies√−1∂∂ log Ω = α.
It follows that the normalized Chern-Ricci flow (1.1) is equivalent to the parabolic complex
Monge-Ampe`re equation
(3.3)
∂
∂t
ϕ = log
et(ω˜ +
√−1∂∂ϕ)m
Ω
− ϕ, ω˜ +√−1∂∂ϕ > 0, ϕ(0) = ρ.
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Namely, if ϕ solves the equation (3.3), then ω(t) = ω˜ +
√−1∂∂ϕ solves the normalized
Chern-Ricci flow (1.1), as is readily checked. Conversely, given a solution ω(t) of (1.1) we
can find a solution (see [30]) ϕ = ϕ(t) of (3.3) such that ω(t) = ω˜ +
√−1∂∂ϕ.
Let ϕ = ϕ(t) be the solution to (3.3) and write ω = ω(t) = ω˜ +
√−1∂∂ϕ for the
corresponding Hermitian metrics along the normalized Chern-Ricci flow (1.1). We first
prove uniform estimates on the potential ϕ and its time derivative ϕ˙. Given the choice of
ω˜ and Ω, the proof is very similar to the one in [27, Lemma 3.6.3, Lemma 3.6.7] (see also
[5, 6, 9, 24, 32]).
Lemma 3.1. There exists a uniform positive constant C such that on MK × [0, ∞)
(i) |ϕ| ≤ C(1 + t)e−t.
(ii) |ϕ˙| ≤ C.
(iii) C−1ω˜m ≤ ωm ≤ Cω˜m.
Proof. Since the discussion are very similar to those in [9, 27, 32], we will be brief. For
part (i), first we claim that, by the choice of ω˜ and Ω, there holds
(3.4)
∣∣∣∣et log etω˜mΩ
∣∣∣∣ ≤ C ′,
for uniform C ′. Indeed, from (3.1) and (3.2), we have
etω˜m
Ω
=
et
m∑
k=0
(
m
k
)
(1− e−t)kαke−(m−k)tωm−kLF
Ω
(3.5)
=
m(1 − e−t)m−1αm−1 ∧ ωLF + e−t
m−2∑
k=0
(
m
k
)
(1− e−t)ke−(m−2−k)tαk ∧ ωm−kLF
Ω
=1 +O(e−t),
which implies (3.4). From now on, O(f(t)) will mean ≤ Cf(t) for a uniform constant C,
where f(t) is a positive function of t (e.g., e−t, 1, et). Now consider the quantity
P = etϕ− (C ′ + 1)t.
If supMK×[0, t0] P = P (x0, t0) for some x0 ∈MK and t0 > 0, we have at this point,
0 ≤ ∂P
∂t
≤ et log e
tω˜m
Ω
− C ′ − 1 ≤ −1,
absurd. Therefore, supMK P is bounded from above by its initial value, which implies
ϕ ≤ C(1 + t)e−t. The lower bound is similar.
To prove (ii), choose a constant C0 satisfying C0ω˜ > α for all t ≥ 0. Then compute, for
the Laplacian ∆ = gji∂i∂j ,(
∂
∂t
−∆
)
(ϕ˙− (C0 − 1)ϕ) =1 + trω(α− ω˜)− C0ϕ˙+ (C0 − 1)trω(ω − ω˜)
<1− C0ϕ˙+m(C0 − 1).
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The maximum principle implies that ϕ˙ is bounded from above. For the lower bound of ϕ˙,
(3.6)
(
∂
∂t
−∆
)
(ϕ˙+ 2ϕ) =trω(α− ω˜) + 1 + ϕ˙− 2trω(ω − ω˜)
≥trωω˜ + ϕ˙− (2m− 1).
By the geometric-arithmetic means inequality, we have
(3.7) e−
ϕ˙+ϕ
m =
(
Ω
etωm
) 1
m
≤ C
(
ω˜m
ωm
) 1
m
≤ C
m
trωω˜,
where we use (3.5). Combining (3.6), (3.7) and the maximum principle indicates that ϕ˙
is bounded from below.
Finally, (iii) follows from (i), (ii) and the equation (3.3). 
Next, we bound the torsion and curvature of the reference metrics g˜. We will denote the
Chern connection, torsion and curvature of g˜ by ∇˜, T˜ and R˜m respectively, and also write
T˜ijℓ = T˜
k
ij g˜kℓ = ∂ig˜jℓ − ∂j g˜iℓ.
Since α is a closed form, we have
(3.8) T˜ijℓ = e
−t(TLF)ijℓ,
where TLF is the torsion of the metric gLF. We can deduce the following bounds on torsion
and curvature of g˜, which are analogous to those in [32, Lemma 4.1].
Lemma 3.2. There exists a uniform constant C such that
(i) |T˜ |g˜ ≤ C.
(ii) |∂T˜ |g˜ + |∇˜T˜ |g˜ + |R˜m|g˜ ≤ Cet/2.
Proof. Denote by g˜kℓ the component of metric matrix (g˜pq) in k-th row and ℓ-th column.
We have
g˜kk =e
−t(gLF)kk + (1− e−t)αkk = O(1), 1 ≤ k ≤ m− 1,
g˜kℓ =e
−t(gLF)kℓ = O(e
−t), otherwise.
Denote by g˜ℓk the component of the inverse matrix of (g˜pq) in ℓ-th row and k-th column,
and by Gkℓ the algebraic cofactor of the component g˜kℓ. Note that
Gmm =g˜11 · · · g˜m−1m−1 +
∑
terms with factor e−t
=α11 · · ·αm−1m−1 +
∑
terms with factor e−t
and
Gkℓ =
∑
terms with factor e−t, (k, ℓ) 6= (m,m).
A preliminary analysis implies that there exists a uniform constant c0 independent of t
such that
det(g˜pq) =
m∑
ℓ=1
g˜mℓGmℓ = e
−t
m∑
ℓ=1
(gLF)mℓGmℓ ≥ c0e−t,
10
where we also use the fact that (gLF)mm > 0. Therefore, we can deduce that all the
components of the inverse metric matrix (g˜qp) are bounded by O(1) except that g˜mm is
bounded by O(et), where we use the formula g˜ℓk = Gkℓ
det(g˜pq)
.
From (3.8), we have
(3.9) |T˜ |2g˜ = e−2t(TLF)ikq(TLF)jℓpg˜jig˜ℓkg˜qp ≤ C,
since the only term involving the cube of g˜mm vanishes by the skew-symmetry of (TLF)ikq
in i and k, and by the bounds of other components of (g˜ℓk) all other terms are bounded.
Since if one of the indexes 1 ≤ i, k, ℓ ≤ m equals to m, we have
(3.10) ∂ig˜kℓ = ∂ig˜kℓ = O(e
−t),
and
(3.11) ∂mg˜mm = ∂mg˜mm = 0,
where for (3.11) we uses the fact that g˜mm = ce
−t (y1 · · · ym−1), we can bound on the g˜
norm of the Christoffel symbols Γ˜pik of the Chern connection of g˜ by
(3.12) |Γ˜pik|2g˜ = Γ˜pikΓ˜qjℓg˜jig˜ℓkg˜pq = g˜jig˜ℓkg˜qp∂ig˜kq∂j g˜pℓ ≤ C.
Note that the quantity |Γ˜pik|2g˜ is only locally defined.
Since
(TLF)imm = ∂i(gLF)mm − ∂m(gLF)im = O(1),
and
∂m(TLF)imm = ∂i∂m(gLF)mm − ∂m∂m(gLF)im = −∂m∂m(gLF)im = O(1),
we have, using the skew-symmetry of (TLF)ikq in i and k,
|(TLF)ijr|2g˜ ≤ Ce2t, |∂ℓ(TLF)ijk|2g˜ ≤ Ce3t.
Therefore, from (3.8) and the Cauchy-Schwarz inequality, we have
|∂T˜ |2g˜ =|∇T˜ |2g˜ = e−2t|∂ℓ(TLF)ijk − Γ˜rℓk(TLF)ijr|2g˜
≤2e−2t|∂ℓ(TLF)ijk|2g˜ + 2e−2t|Γ˜rℓk|2g˜|(TLF)ijr|2g˜
≤2e−2t|∂ℓ(TLF)ijk|2g˜ + Ce−2t|(TLF)ijr|2g˜ ≤ Cet.
Similarly, we can deduce |∇T˜ |2g˜ ≤ Cet.
Recall that the curvature of the Chern connection of g˜ is given by
R˜ijkℓ = −∂i∂j g˜kℓ + g˜qp∂ig˜kq∂j g˜pℓ.
For the bound of |R˜ijkℓ|2g˜, using (3.12), we just need to bound
|∂i∂j g˜kℓ|2g˜.
Thanks to (3.10) and (3.11), we can obtain
|∂i∂j g˜kℓ|2g˜ =
m−1∑
k,ℓ=1
(∂m∂mg˜km) (∂m∂mg˜mℓ) g˜
mmg˜mmg˜mmg˜ℓk
11
+ terms bounded by constant ≤ Cet.
So |R˜m|2g˜ ≤ Cet, as required. 
Now we can apply the arguments of [32, 33] to establish the estimates of the solution
ω(t) to the normalized Chern-Ricci flow (1.1) and also the solution ϕ(t) to the parabolic
complex Monge-Ampe`re equation (3.3).
Theorem 3.3. For ϕ = ϕ(t) solving (3.3) on MK , there holds the following estimates.
(i) There exists a uniform constant C such that
C−1ω˜ ≤ ω(t) ≤ Cω˜.
(ii) The Chern scalar curvature R satisfies the bound
−C ≤ R ≤ Cet/2,
where C is uniform constant.
(iii) For any η ∈ (0, 1/2) and σ ∈ (0, 1/4), there exists a constant Cη,σ such that
−Cη,σe−ηt ≤ ϕ˙ ≤ Cη,σe−σt.
Therefore, combining part (i) in Lemma 3.1 and this bound gives (taking η = σ)
|ϕ+ ϕ˙| ≤ Cσe−σt.
(iv) For any ε ∈ (0, 1/8), there exists a constant Cε satisfying
‖ω − ω˜‖C0(MK , ω0) ≤ Cεe−εt.
Proof. Given Lemma 3.1 and Lemma 3.2, the proof is almost identical to the discussion
in [32, 33]. Therefore, we give only a brief outline and point out the main differences.
For part (i), we claim that
(3.13)
(
∂
∂t
−∆
)
log trω˜ω ≤ 2
(trω˜ω)2
Re
(
g˜ℓigqkT˜kiℓ∂qtrω˜ω
)
+ Cet/2trωω˜, t ≥ 0.
Indeed, this inequality can be obtained by the argument which is almost identical to the
one in [32, Lemma 5.2]. From [30, Proposition 3.1] we have
(3.14)
(
∂
∂t
−∆
)
log trω˜ω = (I) + (II) + (III)− 1
trω˜ω
g˜ℓpg˜qkαpqgkℓ
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where
(I) =
1
trω˜ω
[
− gjpgqig˜ℓk∇˜kgij∇˜ℓgpq +
1
trω˜ω
gℓk∂k (trω˜ω) ∂ℓ (trω˜ω)
− 2Re
(
gjig˜ℓkT˜ pki∇˜ℓgpj
)
− gjig˜ℓkT˜ pikT˜ qjℓgpq
]
(II) =
1
trω˜ω
[
gjig˜ℓk
(
∇˜iT˜ qjℓ − R˜iℓpj g˜qp
)
gkq
]
(III) =− 1
trω˜ω
[
gji
(
∇˜iT˜ ℓjℓ
)
+
(
∇˜ℓT˜ pik
)
gjig˜ℓkg˜pj − T˜ qjℓT˜ pikgjig˜ℓkg˜pq
]
.
Let us point out some differences from the calculation in [30]. Here ω is evolved by
normalized Chern-Ricci flow (1.1) and our reference metric ω˜ also depends on time. In
particular, in our case we have Tijℓ = T˜ijℓ (instead of Tijℓ = (T0)ijℓ in [30]) and the metric
gˆ and g0 in [30] are replaced by ω˜. The last term in (3.14) comes from the −ω term on
the right side of (1.1) and the time derivative of ω˜. Fortunately, we have
− 1
trω˜ω
g˜ℓpg˜qkαpqgkℓ ≤ 0.
Proposition 3.1 in [30] gives us
(I) ≤ 2
(trω˜ω)
2Re
(
g˜ℓigqkT˜kiℓ∂q (trω˜ω)
)
.
Therefore, to complete the proof of the lemma, we only need to show
(II) + (III) ≤ Cet/2trωω˜.
To see this, from (iii) of Lemma 3.1 and the geometric-arithmetic means inequality, we
can deduce trω˜ω ≥ C−1 for a uniform constant C, which, combining with |g|g˜ ≤ trω˜ω and
|g−1|g˜ ≤ trωω˜, implies
1
trω˜ω
∣∣∣gjig˜ℓk∇˜iT˜ qjℓgkq∣∣∣ ≤ 1trω˜ω ∣∣g−1∣∣g˜ ∣∣g˜−1∣∣g˜ |∇˜T˜ |g˜|g|g˜ ≤ C(trωω˜)et/2,
1
trω˜ω
∣∣∣gjig˜ℓkg˜qpgkqR˜iℓpj∣∣∣ ≤ 1trω˜ω ∣∣g−1∣∣g˜ ∣∣g˜−1∣∣2g˜ |g|g˜|R˜m|g˜ ≤ C(trωω˜)et/2,
1
trω˜ω
∣∣∣gji∇˜iT˜ ℓjℓ∣∣∣ ≤ 1trω˜ω ∣∣g−1∣∣g˜ |∇˜T˜ |g˜ ≤ C(trωω˜)et/2,
1
trω˜ω
∣∣∣gjig˜ℓkg˜pj∇˜ℓT˜ pik∣∣∣ ≤ 1trω˜ω ∣∣g−1∣∣g˜ ∣∣g˜−1∣∣g˜ |g˜|g˜ |∇˜T˜ |g˜ ≤ C(trωω˜)et/2,
1
trω˜ω
∣∣∣gjig˜ℓkT˜ pikT˜ qjℓg˜pq∣∣∣ ≤ 1trω˜ω ∣∣g−1∣∣g˜ ∣∣g˜−1∣∣g˜ |g˜|g˜ |T˜ |2g˜ ≤ C(trωω˜),
which completes the proof of the claim.
To prove part (i), first note that part (i) of Lemma 3.1 implies that et/2ϕ is uniformly
bound. Using the idea from Phong-Sturm [21], we consider the quantity
Q = log trω˜ω −Aet/2ϕ+ 1
et/2ϕ+ C˜
,
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where C˜ is a constant satisfying et/2ϕ + C˜ ≥ 1 and A is a large constant which will be
determined later. Notice that
0 ≤ 1
et/2ϕ+ C˜
≤ 1.
Since ∆ϕ = m− trωω˜, using the bounds for ϕ and ϕ˙ in Lemma 3.1, we have(
∂
∂t
−∆
)(
−Aet/2ϕ+ 1
et/2ϕ+ C˜
)
=−
A + 1(
et/2ϕ+ C˜
)2
(et/2ϕ˙+ 1
2
et/2ϕ
)
+
A+ 1(
et/2ϕ+ C˜
)2
∆ (et/2ϕ)− 2
∣∣∂ (et/2ϕ)∣∣2
g(
et/2ϕ+ C˜
)3
≤CAet/2 − Aet/2trωω˜ −
2
∣∣∂ (et/2ϕ)∣∣2
g(
et/2ϕ+ C˜
)3 .(3.15)
At the point (x0, t0) with t0 > 0 where Q attains a maximum, we have ∂qQ = 0, implying
∂qtrω˜ω
trω˜ω
=
A+ 1(
et0/2ϕ+ C˜
)2
 et0/2∂qϕ.
Then at this point,
2
(trω˜ω)2
Re
(
g˜ℓigqkT˜ pkig˜pℓ∂qtrω˜ω
)
=
2
trω˜ω
Re
g˜ℓigqkT˜ pkig˜pℓ
A+ 1(
et0/2ϕ+ C˜
)2
 et0/2∂qϕ

≤ CA
2
(trω˜ω)2
(
et0/2ϕ+ C˜
)3
gqkT˜ ikiT˜
r
qr +
∣∣∂ (et0/2ϕ)∣∣2
g(
et0/2ϕ+ C˜
)3
≤ CA
2
(trω˜ω)
2 trωω˜ +
∣∣∂ (et0/2ϕ)∣∣2
g(
et0/2ϕ+ C˜
)3 ,(3.16)
where for the last step we used Lemma 3.1, Lemma 3.2 and the Cauchy-Schwarz inequality
for the quantity gqkT˜ ikiT˜
r
qr. Combining (3.13), (3.15) and (3.16), we have, at a point (x0, t0),
for a uniform C > 0,(
∂
∂t
−∆
)
Q ≤ CA2trωω˜ + Cet0/2trωω˜ + CAet0/2 − Aet0/2trωω˜
14
≤CA2trωω˜ + Cet0/2trωω˜ + CAet0/2 −Aet0/2trωω˜
where we are assuming, without loss of generality, that at this maximum point of Q we
have trω˜ω ≥ 1. Choose a uniform A satisfying A ≥ C + 1. We can also assume t0 > T0,
where T0 satisfies
CA2 − et/2 ≤ −1, ∀ t ≥ T0.
Then we can deduce at the maximum of Q
[trωω˜] (x0, t0) ≤ CAe
t0/2
et0/2 − CA2 ∈ (CA, CA+ C
2A3),
implying that [trω˜ω] (x0, t0) is bounded from above, by using part (iii) of Lemma 3.1 and
the fact (see for example [27, Corollary 3.5])
(3.17) trω˜ω ≤ 1
(m− 1)!
ωm
ω˜m
(trωω˜)
m−1 .
Combining the upper bound of [trω˜ω] (x0, t0), the definition of Q and part (i) of Lemma
3.1 gives the uniform estimate
(3.18) trω˜ω ≤ C
Again using (3.17) and (iii) of Lemma 3.1, the uniform upper bound (3.18) shows that ω
is equivalent to ω˜.
As to part (ii), we claim that there exists a uniform constant C > 0 satisfying(
∂
∂t
−∆
)
trω˜ω ≤− C−1|∇˜g|2g + Cet/2(3.19) (
∂
∂t
−∆
)
trωα ≤|∇˜g|2g − C−1|∇trωα|2g + Cet/2(3.20)
along the normalized Chern-Ricci flow (1.1). As a result, there exists uniform positive
constants C0 and C1 such that for all t ≥ 0
(3.21)
(
∂
∂t
−∆
)
(trωα + C0trω˜ω) ≤ −|∇˜g|2g − C−11 |∇trωα|2g + C1et/2.
Indeed, the claim follows from the argument similar to the one in [32, Lemma 6.2] (see
also [5]). From [30, Proposition 3.1], as the argument in the proof of inequality (3.14), we
have (
∂
∂t
−∆
)
trω˜ω = J1 + J2 + J3 − g˜ℓpg˜qkαpqgkℓ
where
J1 =− gjpgqig˜ℓk∇˜kgij∇˜ℓgpq − 2Re
(
gjig˜ℓkT˜ pki∇˜ℓgpj
)
− gjig˜ℓkT˜ pikT˜ qjℓgpq
J2 =g
jig˜ℓk
(
∇˜iT˜ qjℓ − R˜iℓpj g˜qp
)
gkq
J3 =−
[
gji
(
∇˜iT˜ ℓjℓ
)
+
(
∇˜ℓT˜ pik
)
gjig˜ℓkg˜pj − T˜ qjℓT˜ pikgjig˜ℓkg˜pq
]
.
Using Lemma 3.2, part (i) established right now and the Cauchy-Schwarz inequality, we
get (3.19).
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The inequality (3.20) comes from a parabolic Schwarz Lemma argument as in [5, 24, 37].
A key difference is that we do not have a global holomorphic map from MK to a lower
dimensional complex manifold. Fortunately, we have a locally defined holomorphic map
f from a holomorphic chart in MK to the cross product H
m−1 of m− 1 upper half planes
with the property that α = f ∗ωH, where ωH is the multiple of the product of Poincare´
metrics
ωH =
√−1
m−1∑
i=1
dzi ∧ dzi
4y2i
on Hm−1. Since the parabolic Schwarz Lemma calculation is completely local, we can
deduce the inequality (3.20) exactly as in [32].
Now we turn to the estimate of the bound of Chern scalar curvature R. First note that
the minimum principle and the evolution equation of R
∂R
∂t
= ∆R + |Ric|2 +R
imply the lower bound R ≥ −C directly. For the upper bound of R, we consider the
quantity
u := ϕ+ ϕ˙
with the property that −∆u = R + trωα ≥ R. We want to bound −∆u from above by
Cet/2. Using Cheng-Yau type argument in [3] (cf. [22, 24]) and applying the maximum
principle to
Q1 :=
|∇u|2
A− u + C1(trωα + C0trω˜ω)
for A and C1 chosen sufficiently large, we can deduce the estimate
|∇u|2g ≤ Cet/2,
exactly as in [32, Proposition 6.3] (replacing ωS with α wherever it occurs). A direct
calculation gives
(3.22)
(
∂
∂t
−∆
)
|∇u|2g ≤ −
1
2
|∇∇u|2g − |∇∇u|2g + |∇trωα|2g + |∇˜g|2g + Cet.
On the other hand, we have
(3.23)
(
∂
∂t
−∆
)
(−∆u) ≤ 2|∇∇u|2g −∆u+ Cet/2 + |∇ˆg|2g − C−1|∇trωα|2g.
Combining (3.21), (3.22) and (3.23) implies, for C1 large,(
∂
∂t
−∆
)(−∆u+ 6|∇u|2g + C1(trωα+ C0trω˜ω)) ≤ −|∇∇u|2g −∆u+ Cet,
and it follows from the maximum principle that −∆u ≤ Cet/2, giving the upper bounded
of the Chern scalar curvature
R ≤ Cet/2.
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Next, using the discussion in [32, Lemma 6.4] (cf. [27]), we can deduce the bound (iii) on
ϕ˙ follows from the bounds on R, Lemma 3.1 and the evolution equation
∂
∂t
ϕ˙ = −R − (m− 1)− ϕ˙.
For (iv), we first obtain, as in [32, Lemma 7.3] (replacing ωS with α, whenever it occurs),(
∂
∂t
−∆
)
trωω˜ ≤ Cet/2 − C−1|∇˜g|2g.
Combining this and the bounds of ϕ and ϕ˙, we consider the quantity
eεt(trωω˜ −m)− eδtϕ
for 0 < ε < 1/4 and δ, δ′ > 0 chosen carefully. The maximum principle discussion of [32,
Proposition 7.3] (replacing trωω˜ − 2 with trωω˜ −m, whenever it occurs) gives
(3.24) trωω˜ −m ≤ Ce−εt.
On the other hand, there exists a uniform TI > 0 depending only on the initial data of
MK such that there holds, for t ≥ TI ,
ω˜m
ωm
=
etω˜m
Ω
Ω
etωm
=
etω˜m
Ω
e−ϕ−ϕ˙(3.25)
=e−ϕ−ϕ˙(1 +O(e−t))
≥e−ϕ−ϕ˙ − Ce−t ≥ 1− C ′e−σt,
where we use (3.5), Lemma 3.1 and the bound of ϕ + ϕ˙ in part (iii). From (3.24) and
(3.25) we can apply [33, Lemma 2.6] (choose coordinates such that ω is the identity and
ω˜ is given by matrix A and take ε = σ in (3.24) and (3.25)) to get
‖ω − ω˜‖C0(MK , ω) ≤ Cσe−σt/2.
Noting ω ≤ Cω0, we can deduce part (iv) for t ≥ TI . Then we can modify the uniform
constant such that part (iv) holds for all t ≥ 0. 
Using the estimate in Part (i) of Theorem 3.3, we can get the Gromov-Hausdorff conver-
gence of ω(t) in Theorem 1.1.
Proof of Theorem 1.1. Note that ω∞ = α represents −cBC1 (MK), and by definition of the
reference metric ω˜(t) −→ α uniformly and exponentially fast as t −→ ∞. Part (iv) in
Theorem 3.3 implies that the same convergence holds for ω(t).
Now we turn to determining the Gromov-Hausdorff limit of (MK , ω(t)). Call
F = p : MK −→ Tm−1
the projection map and denote by Ta = F
−1(a) the Tm+1-fiber over a ∈ Tm−1. Fix ε > 0
and let Lt be the length of a curve in MK measured with respect to metric ω(t) and dt
be the induced distance function on MK . Also denote by L∞ and d∞ the length and
distance function of the degenerate metric α on MK and by L and d the length and
distance function of the flat Riemannian metric g defined by (2.8) on Tm−1. Define
G : Tm−1 −→MK
17
by mapping every point a ∈ Tm−1 to some chosen point in MK on the fiber Ta. Note that
the map G will in general be discontinuous.
Clearly we have F ◦G = Id, while G ◦ F is a fiber-preserving discontinuous map of MK .
In particular for any a ∈ Tm−1 we have trivially
(3.26) d(a, F ◦G(a)) = 0.
Since F is the kernel of α and each leaf of F is dense in a Tm+1-fiber, we conclude that
d∞(x, y) = 0 for all x, y ∈ MK with F (x) = F (y). Therefore, combining Part (i) in
Theorem 3.3 and uniform convergence of ω˜(t) to α as t −→ ∞ implies that for any
x ∈MK and for all t large enough we have
(3.27) dt(x, G ◦ F (x)) ≤ ε.
Now take any two points x, y ∈ MK and let γ be a curve joining x to y with Lt(γ) =
dt(x, y). Then F (γ) is a path in T
m−1 between F (x) and F (y). We claim that
L(F (γ)) ≤ L∞(γ).
Indeed, for any tangent vector V on MK , we can write it locally as
V =
m∑
i=1
(
X i∂xi + Y
i∂yi
)
and from the definitions of ω∞ and g we see that
|F∗V |2g =
m−1∑
i=1
(Y i)2
2y2i
≤
m−1∑
i=1
(X i)2 + (Y i)2
2y2i
= |V |2ω∞ ,
where for convenience we use the local coordinates y1, · · · , ym−1 on Tm−1 and write the
flat Riemannian metric g on Tm−1 of form in (2.6). Choosing V = γ˙ implies the claim.
Therefore, given two points x, y ∈MK , letting γ be a minimizing geodesic for the metric
ω(t) joining them, we can get
(3.28) d(F (x), F (y)) ≤ L(F (γ)) ≤ L∞(γ) ≤ Lt(γ) + ε = dt(x, y) + ε,
for all t large. Obviously this also implies that
(3.29) d(a, b) = d(F ◦G(a), F ◦G(b)) ≤ dt(G(a), G(b)) + ε,
for all a, b ∈ Tm−1 and all t large.
Lastly, given x, y ∈ MK , let γ be a minimizing geodesic in Tm−1 connecting F (x) and
F (y), and let γ˜ be a lift of the curve γ starting at x, that is, γ˜ is a curve in MK with
F (γ˜) = γ and initial point x. This lift can always be constructed because F = p is the
bundle projection map. We then concatenate γ˜ with a curve γ˜1 contained in the fiber
TF (y) joining the endpoint of γ˜ with y, and obtain a curve γˆ in MK joining x and y. We
claim that
L∞(γ˜) = L(γ) = d(F (x), F (y)).
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In fact we can construct a lift γ˜ such that in local coordinates we have ˙˜γ =
m−1∑
i=1
Y i(t)∂yi ,
as in [31]. So we can obtain
|γ˙|2g = |F∗ ˙˜γ|2g =
m−1∑
i=1
(Y i(t))2
2y2i
= | ˙˜γ|2ω∞,
as required. Therefore, we can conclude that
(3.30) dt(x, y) ≤ Lt(γˆ) = Lt(γ˜) + Lt(γ˜1) ≤ L∞(γ˜) + 2ε = d(F (x), F (y)) + 2ε,
for all t large. This also implies
(3.31) dt(G(a), G(b)) ≤ d(F ◦G(a), F ◦G(b)) + 2ε = d(a, b) + 2ε
for all a, b ∈ Tm−1. Combining (3.26), (3.27), (3.28), (3.29), (3.30) and (3.31) implies
that (MK , ω(t)) converges to (T
m−1, g) in the Gromov-Hausdorff sense. 
Now we turn to Theorem 1.3. With the special reference metric
ω˜ = e−tωOT + (1− e−t)α,
we can get better estimates than the ones in Lemma 3.2 as follows.
Lemma 3.4. There exists a uniform constant C such that
(i) |T˜ |g˜ ≤ C.
(ii) |∂T˜ |g˜ + |∇˜T˜ |g˜ + |R˜m|g˜ ≤ C.
(iii) |∇˜∇˜T˜ |g˜ + |∇˜∇˜T˜ |g˜ + |∇˜R˜m|g˜ ≤ C.
Proof. For this new reference metric g˜, we also have
g˜kk =e
−t(gOT)kk + (1− e−t)αkk = O(1), 1 ≤ k ≤ m− 1,
g˜kℓ =e
−t(gOT)kℓ = O(e
−t), otherwise,
and that all the components of the inverse metric matrix (g˜ℓk) are bounded by O(1) except
that g˜mm is bounded by O(et). Part (i) was proved in Lemma 3.2.
Since |Γ˜pik|2g˜ ≤ C, that is, the g˜ norm of the first order derivatives of g˜ is bounded, using
the Cauchy-Schwarz inequality, to complete the proof of the rest of the lemma, we just
need to bound the g˜ norm of the second and third order derivatives of the new reference
metric g˜. Since
(3.32) ∂mg˜kℓ = ∂mg˜kℓ = 0, 1 ≤ k, ℓ ≤ m
and
(3.33) ∂ig˜mm = ∂ig˜mm = O(e
−t), g˜im = g˜mi = 0, 1 ≤ i ≤ m− 1,
we can deduce
|∂i∂j g˜kℓ|2g˜ =
m−1∑
i,j,k,ℓ,r,s,p,q=1
(
∂i∂j g˜kℓ
)
(∂s∂rg˜qp) g˜
rig˜jsg˜pkg˜ℓq
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+
m−1∑
i,j,r,s=1
(
∂i∂j g˜mm
)
(∂s∂r g˜mm) g˜
rig˜jsg˜mmg˜mm ≤ C
and
|∂a∂i∂j g˜kℓ|2g˜ =
m−1∑
a,b,i,j,k,ℓ,r,s,p,q=1
(
∂a∂i∂j g˜kℓ
)
(∂b∂s∂r g˜qp) g˜
bag˜rig˜jsg˜pkg˜ℓq
+
m−1∑
a,b,i,j,r,s=1
(
∂a∂i∂j g˜mm
)
(∂b∂s∂r g˜mm) g˜
bag˜rig˜jsg˜mmg˜mm ≤ C,
as required. 
The estimates in Theorem 3.3 imply that the special reference metric g˜ is equivalent to
the solution metric g uniformly. The other key ingredient of the proof of Theorem 1.3 is
the following Calabi-type “third order” estimate.
Proposition 3.5. For the normalized Chern-Ricci flow (1.1) with the reference metric
ω˜ = e−tωOT + (1− e−t)α,
we have
(3.34) |∇˜g|g˜ ≤ C.
Proof. This Calabi-type estimate is very similar to the ones established in [23] and [32,
Section 8] (see also [20]), so we give only a brief outline, pointing out the main differences.
We consider the quantity S := |∇˜g|2g = |Ψ|2g, where Ψkij = Γkij−Γ˜kij as in [23]. The quantity
S is equivalent to |∇˜g|2g˜ because g is equivalent to g˜.
Compared to the setup in [23], here we consider the normalized Chern-Ricci flow and the
reference metric g˜ now depends on time t, while the reference metric gˆ in [23] is fixed.
Combining these differences and the calculation in [23], we observe that there is one new
term in the evolution of the quantity S of the form
(3.35) − 2Re
(
girg
ujgvkg˜qi∇˜jαkqΨruv
)
.
We claim that
(3.36) |∇˜α|g˜ ≤ C.
Indeed, since |Γ˜kij|2g˜ ≤ C and
|α|2g˜ =
m−1∑
i,j,k,ℓ=1
g˜jig˜ℓkαiℓαkj =
m−1∑
i,j=1
g˜jig˜ijαiiαjj ≤ C,
from the Cauchy-Schwarz inequality, to prove (3.36), it is enough to bound ∂iαjℓ. Noting
that
∂mαij = ∂mαij = αmℓ = αℓm = 0, 1 ≤ i, j ≤ m− 1, 1 ≤ ℓ ≤ m,
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we have
|∂iαjℓ|2g˜ =
m−1∑
i,j,k,ℓ,p,q=1
g˜jig˜qpg˜ℓk(∂˜iαkq)(∂˜jαpℓ) =
m−1∑
i,j,k,ℓ=1
g˜jig˜kℓg˜ℓk(∂˜iαkk)(∂˜jαℓℓ) ≤ C,
as required. Therefore, the new term (3.35) is of the order O(
√
S) and harmless. Com-
bining [23, Remark 3.1] and the estimates in Lemma 3.4 gives the bound S and hence we
can obtain (3.34). 
Proof of Theorem 1.3. We claim that
(3.37) |Γ˜− ΓOT|gOT ≤ C,
where ΓOT is the Christoffel symbols of gOT. Indeed, we just need to bound the gOT norm
of Γ˜. Thanks to (3.32) and (3.33), we have
|Γ˜|2gOT =(gOT)kq(gOT)ri(gOT)sj g˜ℓkg˜qp
(
∂ig˜jℓ
)
(∂rg˜ps)
=(gOT)mm(gOT)
ri(gOT)
sj g˜mmg˜mm (∂ig˜jm) (∂r g˜ms)
+ other terms bounded by constant
=(gOT)mm(gOT)
ri(gOT)
mmg˜mmg˜mm (∂ig˜mm) (∂r g˜mm)
+ other terms bounded by constant ≤ C,
as required. Now we use (3.34), (3.37) and the fact g˜ ≤ CgOT to deduce
|∇OTg|gOT ≤ |∇˜g|gOT + C ≤ |∇˜g|g˜ + C ≤ C,
which completes the proof of Theorem 1.3. 
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